We present a set of full evolutionary sequences for white dwarfs with hydrogendeficient atmospheres. We take into account the evolutionary history of the progenitor stars, all the relevant energy sources involved in the cooling, element diffusion in the very outer layers, and outer boundary conditions provided by new and detailed non-gray white dwarf model atmospheres for pure helium composition. These model atmospheres are based on the most up-to-date physical inputs.
Introduction
White dwarfs are the most common fossil stars within the stellar graveyard. In fact, it is well known that more than 90 per cent of all main sequence stars will finish their lives as white dwarfs. On their way to become fossil remnants, half or perhaps even more of the original mass of main sequence stars is recycled back to the interstellar medium, thus contributing to its enrichment in metals. Supported by electron degeneracy, white dwarfs continue to cool down for very long periods of time, allowing us to look back at early times.
Moreover, their structural and evolutionary properties are now reasonably well understood -see for instance, the reviews of Fontaine & Brassard (2008) , Winget & Kepler (2008) and Althaus et al. (2010b) -at least for moderately low luminosities. Consequently, the Galactic population of white dwarfs carries essential information about several fundamental issues (García-Berro & Oswalt 2016) and is of crucial importance to study, among other interesting topics, the evolution of stars off the main sequence, the structure and evolution of our own Galaxy and of its components -including the thin and thick disks (Winget et al. 1987; García-Berro et al. 1988; García-Berro et al. 1999; Torres et al. 2002) , the Galactic spheroid (Isern et al. 1998; García-Berro et al. 2004 ) and the system of open and globular clusters, see for instance García-Berro et al. (2010) , Jeffery et al. (2011) , Bono et al. (2013) , Hansen et al. (2013) and Torres et al. (2015) for some examples -the behavior of matter at high densities and low temperatures (Garcia-Berro et al. 1988; Isern et al. 1991) , and also the evolution of planetary systems across the several phases of stellar evolution (Farihi 2016) . Not only that, white dwarfs can be also used as astroparticle physics laboratories (Isern et al. 1992; Bischoff-Kim et al. 2008; Isern et al. 2008 Isern et al. , 2010 Córsico et al. 2012) , and to test a hypothetical secular variation of the fundamental constants (García-Berro et al. 1995; García-Berro et al. 2011; Berengut et al. 2013 ).
To undertake these tasks two conditions must be fulfilled. First, from the observational point of view we need observational data to which the theoretical models can be compared.
Surveys such as the Sloan Digital Sky Survey (York et al. 2000) or the ESO Supernovae Type Ia Progenitor Survey (Napiwotzki et al. 2001) , to put only two well-known examples, have provided us with an unprecedented wealth of information, allowing us to make meaningful comparisons of the theoretical cooling tracks with the observed degenerate sequences. Furthermore, it is foreseen that the results of future massive surveys, like the successive data releases of Gaia or the data obtained using the Large Synoptic Survey Telescope (Ivezic et al. 2008) , will revolutionize the research field -see, for instance, Torres et al. (2005) , and references therein. However, being this important, reliable cooling sequences aimed at reproducing the characteristics of the observed populations of white dwarfs are also needed. In particular, to use white dwarfs as reliable clocks to date stellar populations precise evolutionary models are required. This, in turn, means that all the relevant sources and sinks of energy must be carefully evaluated, and that a detailed and realistic treatment of the energy transport in their atmospheres is required. Also, ideally, a full end-to-end treatment of all the stellar evolutionary phases from the zero-age main sequence (ZAMS), through the red giant and the thermally pulsing phases to the planetary nebula and cooling stages would be needed. Only in this way state-of-the-art and realistic initial models for the cooling sequences can be obtained.
During the last decades, several new evolutionary models have been computed for white dwarfs with hydrogen-rich atmospheres (Wood 1992; Salaris et al. 1997; Hansen 1998 Hansen , 1999 Salaris et al. 2000; Fontaine & Brassard 2008; Salaris et al. 2010; Althaus et al. 2015; Camisassa et al. 2016) . Nevertheless, about 20 per cent of all white dwarfs have helium-dominated atmospheres (the so-called class of non-DA white dwarfs). Most of these white dwarfs are thought to be the result of late thermal pulses experienced by post-asymptotic giant branch progenitors (Althaus et al. 2005) . In contrast with the large efforts devoted to model the cooling of white dwarfs with hydrogen-rich atmospheres very few works have been devoted to study the cooling of white dwarfs with helium-dominated atmospheres. The most relevant studies are those of Wood (1995) , Bergeron et al. (1995) , Benvenuto & Althaus (1999) and Althaus et al. (2009) . However, most of these calculations rely on weak grounds. The reason for this is that the calculation of realistic cooling times for hydrogen-deficient white dwarfs strongly depends on the treatment of the energy transport through their atmospheres, particularly at low effective temperatures. The large densities that characterize helium white dwarf atmospheres, about 1 g/cm 3 in the coolest models, means that non-ideal effects have to be considered in the radiative calculations and in the equation of state. Thus, the modeling of such atmospheres becomes a tough endeavor, and clearly is a more complex task than computing cooling sequences for white dwarf with hydrogen-rich atmospheres.
This paper is precisely aimed at filling this gap. In particular, here we present a suite of cooling sequences for white dwarfs with pure helium atmospheres that supersede those sets of calculations previously mentioned. Our initial white dwarf models are the result of progenitor stars evolved self-consistently from the ZAMS through all the stellar evolutionary phases, including the thermally pulsing phase and the born again stage. The computation of progenitor evolution provides us with realistic chemical profiles at the beginning of the white dwarf phase. Our white dwarf sequences incorporate non-gray detailed atmospheres, and encompass a broad spectrum of masses.
Our paper is organized as follows. In Sect. 2, we briefly describe our numerical tools and the main ingredients of the evolutionary sequences, the model atmospheres and the initial models. In Sect. 3 we present the results of our white dwarf evolutionary sequences, in particular the cooling times, the role of carbon enrichment in the envelope, and the predicted observational appearance of our sequences. Finally, in Sect. 4 we summarize the main findings of the paper and we present our conclusions.
Numerical setup and input physics

Stellar code
The evolutionary sequences presented in this study have been calculated using the LPCODE stellar evolutionary code -see Althaus et al. (2003) , Althaus et al. (2005) , Althaus et al. (2012) , Althaus et al. (2015), and Miller Bertolami (2016) for relevant information about the the details of the code. LPCODE is a well-tested and calibrated code that has been widely used to study the formation and evolution of white dwarf stars (2012), Althaus et al. (2013) , and references therein. More recently, the code has been used to generate a new grid of models for post-AGB stars (Miller Bertolami 2016) . LPCODE has been tested against other evolutionary codes during the main sequence, red giant branch, and white dwarf regime Miller Bertolami 2016) with satisfactory results.
In what follows we describe the main input physics of the code that are relevant for the computation of the evolution of hydrogen-deficient white dwarfs. Convection is treated within the standard mixing length formulation, as given by the ML2 parameterization (Tassoul et al. 1990 ). The nuclear network for helium burning is identical to that described in Althaus et al. (2005) . In our sequences, some residual helium burning occurs at the very beginning of the cooling sequences. Radiative opacities are computed using the OPAL tables (Iglesias & Rogers 1996) . For the low-temperature regime, molecular opacities with varying carbon to oxygen ratios are used. To this end, we have adopted the low temperature opacities computed by Ferguson et al. (2005) and presented by Weiss & Ferguson (2009) .
In our code, molecular opacities are computed by adopting the opacity tables with the correct abundances of the unenhanced metals (e.g. Fe) and carbon to oxygen ratio.
Interpolation is carried out by means of separate quadratic interpolations in R = ρ/T 6
T , but linearly in N C /N O . Conductive opacities are computed adopting the treatment of Cassisi et al. (2007) . We consider the equation of state of Magni & Mazzitelli (1979) for the low-density regime, while for the high-density regime, we employ the equation of state of Segretain et al. (1994) which accounts for all the important contributions for both the solid and liquid phases. Neutrino emission rates for pair, photo, and bremsstrahlung processes are those of Itoh et al. (1996) , while for plasma processes we follow the treatment presented in Haft et al. (1994) .
As the white dwarf cools down we take into account abundance changes resulting from convective mixing and from element diffusion due to gravitational settling, chemical and thermal diffusion of 4 He, 12 C, 13 C, 14 N and 16 O -see Althaus et al. (2003) for details.
During the white dwarf regime and for effective temperatures smaller than 50 000 K, outer boundary conditions are derived from non-gray model atmospheres for pure helium composition -see Sect. 2.2. Energy sources resulting from crystallization, as the release of latent heat and of gravitational energy associated to carbon and oxygen phase separation upon crystallization are also taken into account. These energy sources are considered self-consistently and locally coupled to the full set of equations of stellar evolution. In particular, our treatment of crystallization includes the use of the most up-to-date phase diagram (Horowitz et al. 2010 ) of dense carbon-oxygen mixtures appropriate for white dwarf interiors, which is based on direct molecular dynamics simulations -see Althaus et al. (2012) for the implementation of this treatment in LPCODE.
Stellar atmospheres
Usually, for hydrogen-deficient white dwarfs the surface boundary conditions needed to integrate the equations of stellar evolution are taken from the gray atmosphere approximation. However, in the late stages of white dwarf cooling precise boundary and Rayleigh scattering, and collision-induced absorption by atoms (Kowalski 2014) . The density effects on the opacity described in Iglesias et al. (2002) were omitted in our code, because unfortunately such study does not cover a broad range of temperatures and densities as required in the present calculations. However, we have estimated the impact of these high density effects on the evolutionary timescales, and we found that the differences in the cooling times would be less than 2%. The grid of atmosphere models calculated to provide outer boundary conditions to the evolutionary calculations covers a range of effective temperatures from 50 000 K to 2 500 K in steps of 100 K, and surface gravities within 5.5 ≤ log g ≤ 9.5 in steps of 0.1 dex.
Pressures and temperatures (at τ Ross = 25.1189) required to integrate the stellar structure equations are shown in Figs. 2 and 3, respectively. Solid and dashed lines correspond to our pure-helium model atmospheres, while dotted lines represent data from pure hydrogen models (Rohrmann et al. 2012) . The pressures in helium and hydrogen atmospheres differ markedly at low effective temperatures, as a consequence of the differences in the opacity.
The ripples seen around T eff ≈ 40 000 K and 20 000 K in helium models (10 000 K in hydrogen ones) in Figs. 2 and 3, are a consequence of He 2+ and He + (H + ) recombinations.
Initial models
The initial models for our evolving hydrogen-deficient white dwarf sequences were derived from the full evolutionary calculations of their progenitor stars for Z = 0.02 Table 1 . In particular, in this table we list, from left to right, the white dwarf mass, the initial mass and the total mass of helium of the envelope (all of them in solar units), and the effective temperature, the surface luminosity, and the surface gravity at the point of maximum effective temperature. Finally, also listed are the initial surface abundances (by mass) of helium, carbon and oxygen.
For the 1.0 M ⊙ initial model, two different sequences were computed with two different mass-loss rates during the AGB evolution. Thus, we obtain a different number of thermal pulses and, in the end, two different remnant masses of 0.515 and 0.542 M ⊙ . Finally, in order to cover a wide range of stellar masses, we generated an additional 1.0 M ⊙ white dwarf model by artificially scaling our 0.87 M ⊙ white dwarf model. Hence, the masses of our white dwarf sequences range from 0.51 to 1.0 M ⊙ . This mass interval covers most of the observed stellar mass range of hydrogen-deficient white dwarfs. Note that for these sequences, the expected range of helium envelope masses spans more than one order of magnitude. In this work, emphasis is placed on the late stages of white dwarf evolution, where the impact of detailed model atmosphere is larger. The evolutionary stages covering the hot pre-white dwarf phases -namely, the PG 1159 regime and the following ones -were studied in detail in Althaus et al. (2009) . Consequently, we will not pay much attention to the very early evolutionary phases. Instead, the evolution of these model stars has been followed until very low surface luminosities, log(L/L ⊙ ) = −5.0, and will be discussed in depth here.
The initial chemical abundance distribution (that is, at the beginning of the cooling track) for some of our selected white dwarf models is discussed with the help of Figs by the born again episode in the outer layer chemical stratification is clearly visible. In particular, it can be seen that hydrogen is almost completely burned in these layers. In passing we note that because we are interested in the evolution of hydrogen-deficient white dwarfs, we have artificially removed all the traces of hydrogen in our initial models. In particular, note the high amount of carbon and nitrogen expected in hydrogen-deficient white dwarfs, see Miller Bertolami & Althaus (2006) for details. This will be a key issue to be considered when describing the final phases of cooling of these white dwarfs. Note in particular that 13 C reaches abundances as high as 0.05 by mass throughout the envelope.
It is clear that, in order to obtain realistic initial chemical profiles for hydrogen-deficient white dwarfs, the progenitor evolution through the born-again scenario must be taken into account. Specifically, the resulting chemical profiles in the outer layers differ markedly from those predicted by progenitors that produce hydrogen-rich white dwarfs. 
Results
A global view of the main phases of the evolution of a typical hydrogen-deficient white dwarf is shown in Fig. 6 . In this figure the different luminosity contributions are plotted for our 0.58 M ⊙ white dwarf sequence resulting from a progenitor star of 2.5 M ⊙ .
During the entire white dwarf evolution, the release of gravothermal energy is the dominant energy source. Also, during the very early stages of the white dwarf cooling phase, helium burning contributes somewhat to the white dwarf energy budget. However, shortly after it becomes negligible. At log(t) ∼ 5.5 neutrino emission becomes an important energy sink, even larger than the star luminosity. At that time, gravitational settling has already depleted all the heavy elements from the surface, leaving an atmosphere made of almost pure helium. However, gravitational settling is still acting in the envelope, and chemical and thermal diffusion are still smoothing the inner chemical interfaces. The resulting chemical stratification will be discussed below. From log(t) ∼ 6 to 7.1, the energy lost by neutrino emission is of about the same order of magnitude as the gravothermal energy release. As the white dwarf cools, neutrino emission ceases and, consequently, the neutrino luminosity abruptly drops. During this phase, the outer convective zone grows inwards and at log(t) ∼ 8.2, it penetrates into layers where heavy elements as carbon and oxygen are abundant. Consequently, convective mixing dredges up these heavy elements, and the surface composition changes. In particular, the outer layers are predominantly enriched in carbon. This dredge-up episode alters markedly the evolutionary timescales of the white dwarf, as it will be demonstrated below. Finally, at log(t) ∼ 9 crystallization sets in at the center of the white dwarf. This results in the release of latent heat and gravitational energy due to carbon-oxygen phase separation. Note that, as a consequence of this energy release, during the crystallization phase, the surface luminosity is larger than the gravothermal luminosity. This phase lasts for 3.2 × 10 9 years. It is also important to note that during the crystallization phase, carbon is still being dredged-up to the surface. Finally, at log(t) ∼ 9.9, the temperature of the crystallized core drops below the Debye temperature, and consequently, the heat capacity decreases. Thus, the white dwarf enters into the so-called "Debye cooling phase", where the luminosity drops.
The behavior of the cooling sequences during the late stages can be understood by examining Fig. 7 , which illustrates the run of the central temperature in terms of the surface luminosity for our 0.58 M ⊙ hydrogen-deficient white dwarf model. In the interests of comparison, we also include in this figure the predictions for a hydrogen-rich white dwarf model of similar mass. The thick segments in the cooling curves indicate the crystallization phase. The shaded areas mark the occurrence of convective coupling in each sequence, that is, when the outer convective zone reaches the degenerate core, and thus the energy transport through the outer layers becomes more efficient (Fontaine et al. 2001 ). For our hydrogen-deficient white dwarf model, crystallization sets in at log(L/L ⊙ ) ∼ −3.4, whereas in the hydrogen-rich model crystallization begins when log(L/L ⊙ ) ∼ −3.9. Crystallization sets in at higher luminosities in hydrogen-deficient white dwarf models, and this is because convective coupling occurs at higher luminosities in these white dwarfs. In fact, convective coupling causes the change of slope in the cooling curves, and the core temperature strongly decreases. This result, which is independent of the white dwarf mass, leads to marked differences in the evolution of both types of white dwarfs.
Chemical evolution
The chemical profiles at selected evolutionary stages during the white dwarf cooling phase are shown in Fig. 8 in the case that a detailed treatment of the atmosphere is considered, thus yielding larger final surface carbon abundances (dashed red line), as compared with the situation in which the Eddington atmosphere is considered (dashed black line). Note also that for a hydrogen-deficient white dwarf the outer convective zone penetrates much deeper in the star than in the case in which a hydrogen-rich white dwarf is considered.
All our white dwarf models experience carbon dredge-up due to convective mixing. This is illustrated in Fig. 10 , where the surface abundance of carbon of our sequences is displayed in terms of the effective temperature. All the white dwarf cooling sequences exhibit roughly the same behavior. As a result of gravitational settling, surface carbon abundance is negligible until log(T eff ) ∼ 4.1. At this point, the outer convective zone penetrates into the carbon-rich layers, and consequently the surface carbon abundance increases. This process is also favored by the occurrence of thermal and chemical diffusion in deeper layers.
When log(T eff ) ∼ 3.7, the penetration of the outer convective zone ceases, and the surface abundance of carbon remains essentially constant. The final surface carbon abundance depends on the stellar mass, as well as on the initial chemical abundances. The average final surface carbon abundance of our models is about 5 × 10 −3 . This value is high enough to strongly modify the evolutionary timescales of hydrogen-deficient white dwarfs, as it will be shown below. For the sake of comparison, we also performed some additional calculations considering the Eddington atmospheres as outer boundary conditions, and we found that in this case the resulting evolutionary sequences also experience appreciable carbon enrichment in the envelope as a result of convective mixing, although the carbon enhancements in the very outer layers of the star are substantially smaller. Our results can explain the existence of DQ white dwarfs, which exhibit traces of carbon in their atmospheres below ∼ 10 000K.
The white dwarf models presented in this work undergo a spectral type transition from DB type to DQ type as their atmospheres become carbon enriched. The filled circles in Fig. 10 represent the DQ white dwarfs studied by Koester & Knist (2006) . Table 1 : Main characteristics of our initial white dwarf models. Fig. 10 .-Surface mass fraction of 12 C in terms of the effective temperature for all our white dwarf sequences. Filled circles are the DQ white dwarfs studied by Koester & Knist (2006) .
It is important to emphasize that the total amount of carbon that is dredged-up to the surface is strongly dependent on the initial chemical profiles, which are a result of the previous evolution of the progenitor stars. Therefore, in order to correctly assess the final surface carbon abundance and to obtain realistic cooling times, it is important to calculate the complete progenitor evolution through the thermally pulsing phase, and more importantly during the born again episode, where the chemical profiles of carbon and oxygen throughout the envelope that will characterize the newly born white dwarf are established. Moreover, chemical and thermal diffusion also influence the carbon mixing process, so they must be considered.
Evolutionary times
The cooling times for some of our sequences are displayed as red lines in Fig. 11 . In addition, we also plot in this figure the cooling tracks for hydrogen-rich white dwarfs of Camisassa et al. (2016) , that have similar masses to those considered in this work. The cooling time is defined as zero at the beginning of the white dwarf cooling phase, when the star reaches the maximum effective temperature. The cooling times of all our sequences are also listed in Table 2 for some selected stellar luminosities. Some relevant features of Fig. 11 are worth commenting. In particular, at intermediate luminosities, hydrogen-deficient white dwarfs evolve markedly slower than their hydrogen-rich counterparts. As explained previously in connection with Fig. 7 , this is because convective coupling (and the associated release of internal energy) occurs at higher luminosities in hydrogen-deficient white dwarfs, with the consequent lengthening of cooling times at those luminosities. In addition the energy release resulting from crystallization occurs at higher luminosities in hydrogendeficient white dwarfs, thus increasing the cooling times. By contrast, at low-luminosities, hydrogen-deficient white dwarfs evolve faster than hydrogen-rich white dwarfs. This is because at those stages the thermal energy content of the hydrogen-deficient white dwarfs is smaller, and also because for these white dwarfs their outer layers are more transparent.
In fact, note that hydrogen-deficient white dwarfs evolve to log(L/L ⊙ ) ∼ −5 in less than 8 Gyr, as compared with the time needed by hydrogen-rich white dwarfs to reach the same luminosity, ∼ 14 Gyr.
We remind the reader that our sequences experience appreciable carbon dredge-up.
Carbon enrichment increases the opacity in the non-degenerate outer layers, so energy transport across these layers becomes less efficient. Thus, cooling is delayed and the evolutionary times increase. To estimate the impact of the carbon enrichment of the envelope on the white dwarf evolutionary timescales, we performed additional evolutionary calculations in which convective mixing in the envelope was suppressed, thus forcing our white dwarf envelopes to remain composed by pure helium. Fig. 12 shows the resulting cooling times, together with the cooling times for the sequences with carbon contamination in the envelopes discussed in the preceding paragraph. Note that carbon dredge-up markedly delays the cooling process and increases the evolutionary times. These delays start to manifest themselves at very low surface luminosities. In fact, delays in cooling times of the order of 1 Gyr are reached at log(L/L ⊙ ) ∼ −5.
The observational appearance of our theoretical cooling tracks can be obtained from the radiative transfer calculations performed with the atmospheric numerical code. Koester & Kepler (2015) , open triangles are the DQ white dwarfs studied by Harris et al. (2003) and Kleinman et al. (2004) , and crosses are the DA white dwarfs studied by Holberg & Bergeron (2006) . type -are plotted using open triangles. Those white dwarfs with hydrogen atmospheres (Holberg & Bergeron 2006 ) -that is, of the DA spectral type -are represented using crosses. There is a considerable scatter in the observed colors of these stars, with the DB and DQ white dwarfs located in the middle of the diagram, and DA white dwarfs located at the left of the helium sequences. Note that the theoretical colors of our white dwarf models increase steadily along the evolution. The theoretical colors show a moderate dependence on the stellar mass for effective temperatures above T eff ≈ 15 000 K, while all sequences fall on a same line at lower effective temperatures. It should be emphasized that our white dwarf sequences change their spectral type from DB to DQ at T eff ≈ 15 000 K as a result of carbon dredge-up due to convective mixing. The agreement with the observational data is quite good. Also, for the sake of comparison, we have calculated the observational appearance of the same cooling tracks but considering the gray approximation (dotted line). The effect of solving the radiative transfer for each frequency is obvious in the regions where the helium opacity has a strong dependence on the wavelength, this is for T eff 15 000 K and for T eff 7 000 K. We finally stress that our model atmospheres represent a considerable improvement over the gray atmospheres that most models employ.
Summary and conclusions
We have computed evolutionary cooling sequences for hydrogen-deficient white dwarfs resulting from Solar metallicity progenitors, aimed at providing reliable evolutionary cooling tracks for these stars. For that purpose, in our calculations we considered detailed non-gray model atmospheres made of pure helium. These model atmospheres take into account the most advanced prescriptions of high-density effects on the radiative processes and in the equation of state, as described in Sect. 2.2. Moreover, for our white dwarf evolutionary calculations also we took into account the predictions of full evolutionary calculations of the corresponding progenitor stars, as explained in Sect. 2.3. These calculations encompass the full history of the progenitor star, since they start at the ZAMS, and were evolved through the thermally pulsing AGB and, most importantly, through the born-again scenario, which dictates the final chemical composition of the outer layers of our model white dwarfs.
Therefore, the initial chemical profiles of our evolving white dwarfs are self-consistent and realistic, as they result from the previous evolution of the progenitors of white dwarfs.
Moreover, these chemical profiles were evolved taking into account element diffusion.
Finally, the mass interval of our cooling sequences spans from ∼ 0.5 M ⊙ to ∼ 1.0 M ⊙ , and thus cover the entire range of masses typical of carbon-oxygen white dwarfs. In short, the set of white dwarf cooling tracks presented here is the first suite of homogeneous evolutionary calculations of hydrogen-deficient white dwarfs in the literature that consider non-gray atmospheres, include in detail the density effects on the energy transport in the cool helium atmosphere, element diffusion, consider the entire evolutionary history of the corresponding progenitor stars, and cover the full range of masses of interest. Consequently, they can be considered as an important step forward in this kind of calculations 1 .
Our calculations show that convective coupling occurs at larger luminosities in hydrogen-deficient white dwarfs than in hydrogen-rich white dwarfs. As a result of the associated release of internal energy, at intermediate-luminosities hydrogen-deficient white dwarfs evolve slower than hydrogen-rich white dwarfs. At lower luminosities the reverse occurs. In particular, hydrogen-deficient white dwarfs reach luminosities as low as log(L/L ⊙ ) ∼ −5 in less than 8 Gyr, whereas hydrogen-rich white dwarfs reach this luminosity in about 14 Gyr, see Sect. 3.2.
It is important to highlight that in all our hydrogen-deficient white dwarf sequences, at T eff ∼ 15 000K, the outer convective zone reaches the carbon-rich layers, and the surface carbon abundance increases as a result of convective mixing. The chemical enrichment in carbon of the very outer layers of our model stars has a direct consequence, as the spectral type of our model white dwarfs evolves from DB to DQ. This is consistent with the properties of the observed white dwarf population. We calculated the changes in the chemical abundances due to convective mixing and element diffusion, coupled with the thermal evolution of our white dwarf models. We found that the carbon enrichment is larger when the outer boundary conditions are those predicted by our detailed model atmospheres compared to the case in which Eddington atmospheres are considered. We also found that (quite naturally) the cooling times of hydrogen-deficient white dwarfs depend on the amount of carbon dredged-up to the surface by convection. In particular, carbon dredge-up results in marked delays on the evolutionary times at very low surface luminosities. In this sense, it is worth emphasizing that detailed initial chemical profiles in the envelope of these white dwarfs, as predicted by evolution of their progenitor stars during the last thermal pulse, are crucial. Moreover, our prediction that the outer layers are enriched in carbon, implies that the chemical stratification predicted by evolution of their progenitor stars is in line with the carbon enrichment inferred from observations.
Our results also show that detailed helium model atmospheres are needed to compute reliable cooling times for hydrogen-deficient white dwarfs. Although our cooling sequences represent a clear improvement over previous efforts in computing the evolution of such white dwarfs, a cautionary remark is in order at this point. As mentioned, at low effective temperatures, the pristine helium envelopes of hydrogen-deficient white dwarfs become convective, and their atmospheres are contaminated by the dredged-up material. This has a consequence that our models do not consider. Indeed, carbon contamination in the atmosphere, of course, results in an additional source of opacity, and consequently the atmospheres of white dwarfs made of almost pure helium become more opaque. However, to the best of our knowledge, calculations of the carbon opacity for the thermodynamic conditions prevailing in such dense atmospheres do not exist yet. Consequently, in this first set of calculations we did not attempt to incorporate the effects of the enhanced carbon opacity on the model atmospheres. Hence, our evolutionary cooling times at very low effective temperatures should be taken with some caution. However, as mentioned, for larger effective temperatures our calculations are clearly superior to those existing now. Thus, we defer the calculation of improved cooling sequences at very low effective temperaturestaking into account the effects of metal contamination -to forthcoming works. 
